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Preface

Elementary Differential Equations with Boundary Value Problems is written for students in science, en-
gineering, and mathematics who have completed calculus through partial differentiation. If your syllabus
includes Chapter 10 (Linear Systems of Differential Equations), your students should have some prepa-
ration in linear algebra.

In writing this book I have been guided by the these principles:

* An elementary text should be written so the student can read it with comprehension without too
much pain. I have tried to put myself in the student’s place, and have chosen to err on the side of
too much detail rather than not enough.

* An elementary text can’t be better than its exercises. This text includes 2041 numbered exercises,
many with several parts. They range in difficulty from routine to very challenging.

* An elementary text should be written in an informal but mathematically accurate way, illustrated
by appropriate graphics. I have tried to formulate mathematical concepts succinctly in language
that students can understand. I have minimized the number of explicitly stated theorems and def-
initions, preferring to deal with concepts in a more conversational way, copiously illustrated by
299 completely worked out examples. Where appropriate, concepts and results are depicted in 188
figures.

Although I believe that the computer is an immensely valuable tool for learning, doing, and writing
mathematics, the selection and treatment of topics in this text reflects my pedagogical orientation along
traditional lines. However, I have incorporated what I believe to be the best use of modern technology,
so you can select the level of technology that you want to include in your course. The text includes 414
exercises — identified by the symbols and — that call for graphics or computation and graphics.

There are also 79 laboratory exercises — identified by — that require extensive use of technology. In
addition, several sections include informal advice on the use of technology. If you prefer not to emphasize
technology, simply ignore these exercises and the advice.

There are two schools of thought on whether techniques and applications should be treated together or
separately. I have chosen to separate them; thus, Chapter 2 deals with techniques for solving first order
equations, and Chapter 4 deals with applications. Similarly, Chapter 5 deals with techniques for solving
second order equations, and Chapter 6 deals with applications. However, the exercise sets of the sections
dealing with techniques include some applied problems.

Traditionally oriented elementary differential equations texts are occasionally criticized as being col-
lections of unrelated methods for solving miscellaneous problems. To some extent this is true; after all,
no single method applies to all situations. Nevertheless, I believe that one idea can go a long way toward
unifying some of the techniques for solving diverse problems: variation of parameters. I use variation of
parameters at the earliest opportunity in Section 2.1, to solve the nonhomogeneous linear equation, given
a nontrivial solution of the complementary equation. You may find this annoying, since most of us learned
that one should use integrating factors for this task, while perhaps mentioning the variation of parameters
option in an exercise. However, there’s little difference between the two approaches, since an integrating
factor is nothing more than the reciprocal of a nontrivial solution of the complementary equation. The
advantage of using variation of parameters here is that it introduces the concept in its simplest form and

vii
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focuses the student’s attention on the idea of seeking a solution y of a differential equation by writing it
as y = uy, where y; is a known solution of related equation and u is a function to be determined. I use
this idea in nonstandard ways, as follows:

* In Section 2.4 to solve nonlinear first order equations, such as Bernoulli equations and nonlinear
homogeneous equations.

* In Chapter 3 for numerical solution of semilinear first order equations.

* In Section 5.2 to avoid the necessity of introducing complex exponentials in solving a second or-
der constant coefficient homogeneous equation with characteristic polynomials that have complex
ZEeros.

e In Sections 5.4, 5.5, and 9.3 for the method of undetermined coefficients. (If the method of an-
nihilators is your preferred approach to this problem, compare the labor involved in solving, for
example, ¥’ + 3/ + y = 2*¢® by the method of annihilators and the method used in Section 5.4.)

Introducing variation of parameters as early as possible (Section 2.1) prepares the student for the con-
cept when it appears again in more complex forms in Section 5.6, where reduction of order is used not
merely to find a second solution of the complementary equation, but also to find the general solution of the
nonhomogeneous equation, and in Sections 5.7, 9.4, and 10.7, that treat the usual variation of parameters
problem for second and higher order linear equations and for linear systems.

Chapter 11 develops the theory of Fourier series. Section 11.1 discusses the five main eigenvalue prob-
lems that arise in connection with the method of separation of variables for the heat and wave equations
and for Laplace’s equation over a rectangular domain:

Problem 1: ¥y +xy=0, y(0)=0, y(L)=0

Problem 2: ¥y +xy=0, ¢(0)=0, ¥ (L)=0

Problem 3: y' +xy=0, y(0)=0, ¢y'(L)=0

Problem 4: ¥V +2y=0, ¢y(0)=0, y(L)=0

Problem 5: y' +xy=0, y(-L)=y(L), y(-L)=y' (L)

These problems are handled in a unified way for example, a single theorem shows that the eigenvalues
of all five problems are nonnegative.

Section 11.2 presents the Fourier series expansion of functions defined on on [—L, L], interpreting it
as an expansion in terms of the eigenfunctions of Problem 5.

Section 11.3 presents the Fourier sine and cosine expansions of functions defined on [0, L], interpreting
them as expansions in terms of the eigenfunctions of Problems 1 and 2, respectively. In addition, Sec-
tion 11.2 includes what I call the mixed Fourier sine and cosine expansions, in terms of the eigenfunctions
of Problems 4 and 5, respectively. In all cases, the convergence properties of these series are deduced
from the convergence properties of the Fourier series discussed in Section 11.1.

Chapter 12 consists of four sections devoted to the heat equation, the wave equation, and Laplace’s
equation in rectangular and polar coordinates. For all three, I consider homogeneous boundary conditions
of the four types occurring in Problems 1-4. I present the method of separation of variables as a way of
choosing the appropriate form for the series expansion of the solution of the given problem, stating—
without belaboring the point—that the expansion may fall short of being an actual solution, and giving
an indication of conditions under which the formal solution is an actual solution. In particular, I found it
necessary to devote some detail to this question in connection with the wave equation in Section 12.2.

In Sections 12.1 (The Heat Equation) and 12.2 (The Wave Equation) I devote considerable effort to
devising examples and numerous exercises where the functions defining the initial conditions satisfy
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the homogeneous boundary conditions. Similarly, in most of the examples and exercises Section 12.3
(Laplace’s Equation), the functions defining the boundary conditions on a given side of the rectangular
domain satisfy homogeneous boundary conditions at the endpoints of the same type (Dirichlet or Neu-
mann) as the boundary conditions imposed on adjacent sides of the region. Therefore the formal solutions
obtained in many of the examples and exercises are actual solutions.

Section 13.1 deals with two-point value problems for a second order ordinary differential equation.
Conditions for existence and uniqueness of solutions are given, and the construction of Green’s functions
is included.

Section 13.2 presents the elementary aspects of Sturm-Liouville theory.

You may also find the following to be of interest:

Section 2.6 deals with integrating factors of the form ;1 = p(z)q(y), in addition to those of the
form p = p(x) and p = ¢(y) discussed in most texts.

Section 4.4 makes phase plane analysis of nonlinear second order autonomous equations accessi-
ble to students who have not taken linear algebra, since eigenvalues and eigenvectors do not enter
into the treatment. Phase plane analysis of constant coefficient linear systems is included in Sec-
tions 10.4-6.

Section 4.5 presents an extensive discussion of applications of differential equations to curves.

Section 6.4 studies motion under a central force, which may be useful to students interested in the
mathematics of satellite orbits.

Sections 7.5-7 present the method of Frobenius in more detail than in most texts. The approach
is to systematize the computations in a way that avoids the necessity of substituting the unknown
Frobenius series into each equation. This leads to efficiency in the computation of the coefficients
of the Frobenius solution. It also clarifies the case where the roots of the indicial equation differ by
an integer (Section 7.7).

The free Student Solutions Manual contains solutions of most of the even-numbered exercises.

The free Instructor’s Solutions Manual is available by email to wtrench@trinity.edu, subject to
verification of the requestor’s faculty status.

The following observations may be helpful as you choose your syllabus:

Section 2.3 is the only specific prerequisite for Chapter 3. To accomodate institutions that offer a
separate course in numerical analysis, Chapter 3 is not a prerequisite for any other section in the
text.

The sections in Chapter 4 are independent of each other, and are not prerequisites for any of the
later chapters. This is also true of the sections in Chapter 6, except that Section 6.1 is a prerequisite
for Section 6.2.

Chapters 7, 8, and 9 can be covered in any order after the topics selected from Chapter 5. For
example, you can proceed directly from Chapter 5 to Chapter 9.

The second order Euler equation is discussed in Section 7.4, where it sets the stage for the method
of Frobenius. As noted at the beginning of Section 7.4, if you want to include Euler equations in
your syllabus while omitting the method of Frobenius, you can skip the introductory paragraphs
in Section 7.4 and begin with Definition 7.4.2. You can then cover Section 7.4 immediately after
Section 5.2.

Chapters 11, 12, and 13 can be covered at any time after the completion of Chapter 5.

William F. Trench


mailto:wtrench@trinity.edu

CHAPTER 1
Introduction

IN THIS CHAPTER we begin our study of differential equations.
SECTION 1.1 presents examples of applications that lead to differential equations.
SECTION 1.2 introduces basic concepts and definitions concerning differential equations.

SECTION 1.3 presents a geometric method for dealing with differential equations that has been known
for a very long time, but has become particularly useful and important with the proliferation of readily
available differential equations software.



2 Chapter 1 Introduction
1.1 APPLICATIONS LEADING TO DIFFERENTIAL EQUATIONS

In order to apply mathematical methods to a physical or “real life” problem, we must formulate the prob-
lem in mathematical terms; that is, we must construct a mathematical model for the problem. Many
physical problems concern relationships between changing quantities. Since rates of change are repre-
sented mathematically by derivatives, mathematical models often involve equations relating an unknown
function and one or more of its derivatives. Such equations are differential equations. They are the subject
of this book.

Much of calculus is devoted to learning mathematical techniques that are applied in later courses in
mathematics and the sciences; you wouldn’t have time to learn much calculus if you insisted on seeing
a specific application of every topic covered in the course. Similarly, much of this book is devoted to
methods that can be applied in later courses. Only a relatively small part of the book is devoted to
the derivation of specific differential equations from mathematical models, or relating the differential
equations that we study to specific applications. In this section we mention a few such applications.

The mathematical model for an applied problem is almost always simpler than the actual situation
being studied, since simplifying assumptions are usually required to obtain a mathematical problem that
can be solved. For example, in modeling the motion of a falling object, we might neglect air resistance
and the gravitational pull of celestial bodies other than Earth, or in modeling population growth we might
assume that the population grows continuously rather than in discrete steps.

A good mathematical model has two important properties:

* It’s sufficiently simple so that the mathematical problem can be solved.

* It represents the actual situation sufficiently well so that the solution to the mathematical problem
predicts the outcome of the real problem to within a useful degree of accuracy. If results predicted
by the model don’t agree with physical observations, the underlying assumptions of the model must
be revised until satisfactory agreement is obtained.

We’ll now give examples of mathematical models involving differential equations. We’ll return to these
problems at the appropriate times, as we learn how to solve the various types of differential equations that
occur in the models.

All the examples in this section deal with functions of time, which we denote by ¢. If y is a function of
t, 3y denotes the derivative of y with respect to ¢; thus,

y =
dt’

Population Growth and Decay

Although the number of members of a population (people in a given country, bacteria in a laboratory cul-
ture, wildflowers in a forest, etc.) at any given time ¢ is necessarily an integer, models that use differential
equations to describe the growth and decay of populations usually rest on the simplifying assumption that
the number of members of the population can be regarded as a differentiable function P = P(t). In most
models it is assumed that the differential equation takes the form

P’ = a(P)P, (1.1.1)

where a is a continuous function of P that represents the rate of change of population per unit time per
individual. In the Malthusian model, it is assumed that a(P) is a constant, so (1.1.1) becomes

P’ =aP. (1.1.2)


http://en.wikipedia.org/wiki/Thomas_Robert_Malthus
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(When you see a name in blue italics, just click on it for information about the person.) This model
assumes that the numbers of births and deaths per unit time are both proportional to the population. The
constants of proportionality are the birth rate (births per unit time per individual) and the death rate
(deaths per unit time per individual); a is the birth rate minus the death rate. You learned in calculus that
if ¢ is any constant then

P = ce™ (1.1.3)

satisfies (1.1.2), so (1.1.2) has infinitely many solutions. To select the solution of the specific problem
that we’re considering, we must know the population Py at an initial time, say ¢t = 0. Setting ¢ = 0 in
(1.1.3) yields ¢ = P(0) = P, so the applicable solution is

P(t) = Poeat.

This implies that
. oo ifa >0,
Jim P(t) = { 0 ifa<0;
that is, the population approaches infinity if the birth rate exceeds the death rate, or zero if the death rate
exceeds the birth rate.

To see the limitations of the Malthusian model, suppose we’re modeling the population of a country,
starting from a time ¢ = O when the birth rate exceeds the death rate (so a > 0), and the country’s
resources in terms of space, food supply, and other necessities of life can support the existing popula-
tion. Then the prediction P = Pye* may be reasonably accurate as long as it remains within limits
that the country’s resources can support. However, the model must inevitably lose validity when the pre-
diction exceeds these limits. (If nothing else, eventually there won’t be enough space for the predicted
population!)

This flaw in the Malthusian model suggests the need for a model that accounts for limitations of space
and resources that tend to oppose the rate of population growth as the population increases. Perhaps the
most famous model of this kind is the Verhulst model, where (1.1.2) is replaced by

P’ =aP(1 - aP), (1.1.4)

where « is a positive constant. As long as P is small compared to 1/, the ratio P’/ P is approximately
equal to a. Therefore the growth is approximately exponential; however, as P increases, the ratio P’/ P
decreases as opposing factors become significant.

Equation (1.1.4) is the logistic equation. You will learn how to solve it in Section 1.2. (See Exer-
cise 2.2.28.) The solution is

P
pP= 2 :
aPy+ (1 — aPy)eat

where Py = P(0) > 0. Therefore lim;_,o, P(t) = 1/«, independent of P,.

Figure 1.1.1 shows typical graphs of P versus ¢ for various values of Fj.

Newton’s Law of Cooling

According to Newton’s law of cooling, the temperature of a body changes at a rate proportional to the
difference between the temperature of the body and the temperature of the surrounding medium. Thus, if
T, is the temperature of the medium and 7' = T'(t) is the temperature of the body at time ¢, then

T = —k(T — Tp,), (1.1.5)

where k is a positive constant and the minus sign indicates; that the temperature of the body increases with
time if it’s less than the temperature of the medium, or decreases if it’s greater. We’ll see in Section 4.2
that if 7}, is constant then the solution of (1.1.5) is

T =T, + (To — Tpn)e ™, (1.1.6)


http://www-history.mcs.st-and.ac.uk/Mathematicians/Verhulst.html
http://www-history.mcs.st-and.ac.uk/Mathematicians/Newton.html
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1/00

Figure 1.1.1 Solutions of the logistic equation

where Ty is the temperature of the body when ¢ = 0. Therefore lim;_, o, T'(t) = Ty, independent of Tj.
(Common sense suggests this. Why?)

Figure 1.1.2 shows typical graphs of 1" versus ¢ for various values of Tj.

Assuming that the medium remains at constant temperature seems reasonable if we’re considering a
cup of coffee cooling in a room, but not if we’re cooling a huge cauldron of molten metal in the same
room. The difference between the two situations is that the heat lost by the coffee isn’t likely to raise the
temperature of the room appreciably, but the heat lost by the cooling metal is. In this second situation we
must use a model that accounts for the heat exchanged between the object and the medium. Let T = T'(¢)
and T,,, = T,,(t) be the temperatures of the object and the medium respectively, and let Ty and T},
be their initial values. Again, we assume that 7" and 7T,,, are related by (1.1.5). We also assume that the
change in heat of the object as its temperature changes from Tj to T is a(T' — Tp) and the change in heat
of the medium as its temperature changes from 7T},,0 to T, i @y (T — Tino ), where a and a,,, are positive
constants depending upon the masses and thermal properties of the object and medium respectively. If
we assume that the total heat of the in the object and the medium remains constant (that is, energy is
conserved), then

a(T = To) + am(T — Tino) = 0.

Solving this for T},, and substituting the result into (1.1.6) yields the differential equation
T = —k (1+ i) T+k (Tmo + iTo>
am m

for the temperature of the object. After learning to solve linear first order equations, you’ll be able to
show (Exercise 4.2.17) that

CLTO + CLmeO CLm(TO — TmO) efk(1+a/am)t
a4+ anm, a+ an, '
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Figure 1.1.2 Temperature according to Newton’s Law of Cooling

Glucose Absorption by the Body

Glucose is absorbed by the body at a rate proportional to the amount of glucose present in the bloodstream.
Let A denote the (positive) constant of proportionality. Suppose there are (G units of glucose in the
bloodstream when ¢t = 0, and let G = G(t) be the number of units in the bloodstream at time ¢ > 0.
Then, since the glucose being absorbed by the body is leaving the bloodstream, G satisfies the equation

G = -)\G. 1.1.7)
From calculus you know that if ¢ is any constant then
G =ce M (1.1.8)

satisfies (1.1.7), so (1.1.7) has infinitely many solutions. Setting ¢ = 0 in (1.1.8) and requiring that
G(0) = Gy yields ¢ = Gy, so
G(t) = Goei)\t.

Now let’s complicate matters by injecting glucose intravenously at a constant rate of r units of glucose
per unit of time. Then the rate of change of the amount of glucose in the bloodstream per unit time is

G = -A\G +r, (1.1.9)

where the first term on the right is due to the absorption of the glucose by the body and the second term
is due to the injection. After you’ve studied Section 2.1, you’ll be able to show (Exercise 2.1.43) that the
solution of (1.1.9) that satisfies G(0) = Gy is

G= §+ (Go- g) e,
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Graphs of this function are similar to those in Figure 1.1.2. (Why?)
Spread of Epidemics

One model for the spread of epidemics assumes that the number of people infected changes at a rate
proportional to the product of the number of people already infected and the number of people who are
susceptible, but not yet infected. Therefore, if .S denotes the total population of susceptible people and
I = I(t) denotes the number of infected people at time ¢, then S — [ is the number of people who are
susceptible, but not yet infected. Thus,

I'=rI(S-1),
where r is a positive constant. Assuming that I(0) = Iy, the solution of this equation is
STy

1

T Io+ (S —Ip)e 7St

(Exercise 2.229). Graphs of this function are similar to those in Figure 1.1.1. (Why?) Since lim;_,, I(t) =
S, this model predicts that all the susceptible people eventually become infected.

Newton’s Second Law of Motion

According to Newton’s second law of motion, the instantaneous acceleration a of an object with con-
stant mass m is related to the force F' acting on the object by the equation F' = ma. For simplicity, let’s
assume that m = 1 and the motion of the object is along a vertical line. Let y be the displacement of the
object from some reference point on Earth’s surface, measured positive upward. In many applications,
there are three kinds of forces that may act on the object:

(a) A force such as gravity that depends only on the position y, which we write as —p(y), where
p(y) > 0ify > 0.

(b) A force such as atmospheric resistance that depends on the position and velocity of the object, which
we write as —q(y, y')y’, where ¢ is a nonnegative function and we’ve put ¢y’ “outside” to indicate
that the resistive force is always in the direction opposite to the velocity.

(c) Aforce f = f(t), exerted from an external source (such as a towline from a helicopter) that depends
only on .
In this case, Newton’s second law implies that

/!

y' =—aly,y )y —ply) + (1),
which is usually rewritten as
v +aly,y )y +ply) = (0.

Since the second (and no higher) order derivative of y occurs in this equation, we say that it is a second
order differential equation.

Interacting Species: Competition

Let P = P(t) and Q = Q(t) be the populations of two species at time ¢, and assume that each population
would grow exponentially if the other didn’t exist; that is, in the absence of competition we would have

P'=aP and Q' =0bQ, (1.1.10)

where a and b are positive constants. One way to model the effect of competition is to assume that
the growth rate per individual of each population is reduced by an amount proportional to the other
population, so (1.1.10) is replaced by

P = aP —a@

Q = -pP+0Q,


http://www-history.mcs.st-and.ac.uk/Mathematicians/Newton.html
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where o« and (3 are positive constants. (Since negative population doesn’t make sense, this system works
only while P and @ are both positive.) Now suppose P(0) = P, > 0 and Q(0) = Qo > 0. It can
be shown (Exercise 10.4.42) that there’s a positive constant p such that if (P, Qo) is above the line L
through the origin with slope p, then the species with population P becomes extinct in finite time, but if
(Po, Qo) is below L, the species with population () becomes extinct in finite time. Figure 1.1.3 illustrates
this. The curves shown there are given parametrically by P = P(t),Q = Q(t), ¢ > 0. The arrows
indicate direction along the curves with increasing ¢.
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Figure 1.1.3 Populations of competing species

1.2 BASIC CONCEPTS

A differential equation is an equation that contains one or more derivatives of an unknown function.
The order of a differential equation is the order of the highest derivative that it contains. A differential
equation is an ordinary differential equation if it involves an unknown function of only one variable, or a
partial differential equation if it involves partial derivatives of a function of more than one variable. For
now we’ll consider only ordinary differential equations, and we’ll just call them differential equations.

Throughout this text, all variables and constants are real unless it’s stated otherwise. We’ll usually use
z for the independent variable unless the independent variable is time; then we’ll use £.

The simplest differential equations are first order equations of the form

dy B

de
where f is a known function of z. We already know from calculus how to find functions that satisfy this
kind of equation. For example, if

(z) or, equivalently, o' = f(x),

Yy =x,
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then .
y:/x?’d:c:%—l—c,

where c is an arbitrary constant. If n > 1 we can find functions y that satisfy equations of the form

y" = f(z) (1.2.1)

by repeated integration. Again, this is a calculus problem.
Except for illustrative purposes in this section, there’s no need to consider differential equations like
(1.2.1).We’ll usually consider differential equations that can be written as

v = fayy .y Y), (1.2.2)
where at least one of the functions y, ¢/, ..., y(»~1) actually appears on the right. Here are some exam-
ples:

d

Y _ g2 = 0 (first order),

dx

d

il + 2xy2 = =2 (first order),

dx
d? d
£y + 2—y +y = 2z (second order),

2 dx
2y +y?> = sinx (third order),

Yy +ay +3y = (n-th order).

Although none of these equations is written as in (1.2.2), all of them can be written in this form:

2

y = 7

Yy = —2-2xy,

y' o= 202y —y,

S = sinz — 32
x

y™ = x—axy —3y.

Solutions of Differential Equations

A solution of a differential equation is a function that satisfies the differential equation on some open
interval; thus, y is a solution of (1.2.2) if y is n times differentiable and

y(n) (.CC) = f(ZC, y('r)a y/(x)a R y(nil)('r))

for all = in some open interval (a,b). In this case, we also say that y is a solution of (1.2.2) on (a,b).
Functions that satisfy a differential equation at isolated points are not interesting. For example, y = z2
satisfies

zy +a2? =3z

if and only if x = O or x = 1, but it’s not a solution of this differential equation because it does not satisfy
the equation on an open interval.

The graph of a solution of a differential equation is a solution curve. More generally, a curve C'is said
to be an integral curve of a differential equation if every function y = y(x) whose graph is a segment
of C'is a solution of the differential equation. Thus, any solution curve of a differential equation is an
integral curve, but an integral curve need not be a solution curve.
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Example 1.2.1 If a is any positive constant, the circle

x2+y2:a2

is an integral curve of

y=—.
y

To see this, note that the only functions whose graphs are segments of (1.2.3) are

1 =VvVa?—22 and 1y = —Va?— 22

(1.2.3)

(1.2.4)

We leave it to you to verify that these functions both satisfy (1.2.4) on the open interval (—a, a). However,

(1.2.3) is not a solution curve of (1.2.4), since it’s not the graph of a function.

Example 1.2.2 Verify that

- x? n 1

v= 3 T
is a solution of

oy +y=a’
on (0, 00) and on (—oc, 0).
Solution Substituting (1.2.5) and

;2T 1
v= 3 x2

into (1.2.6) yields
2z 1 2 1
xy’(x) —i—y(:c) =x (3 — §> + (? + E) =z

(1.2.5)

(1.2.6)

for all « # 0. Therefore y is a solution of (1.2.6) on (—oc0, 0) and (0, co). However, y isn’t a solution of

the differential equation on any open interval that contains z = 0, since y is not defined at x = 0.

Figure 1.2.1 shows the graph of (1.2.5). The part of the graph of (1.2.5) on (0, c0) is a solution curve

of (1.2.6), as is the part of the graph on (—oo, 0).
Example 1.2.3 Show that if ¢; and c5 are constants then
y=(c1+cox)e *+2x—4

18 a solution of
y//+2y/+y:2x

on (—00, 00).

Solution Differentiating (1.2.7) twice yields

/

Yy =—(c1+cex)e T +coe T+ 2

and

Yy = (c1 + caz)e™ ™ — 2c0e” ",

(1.2.7)

(1.2.8)
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I2

Figure 1.2.1 y = 3 +

8=

SO

x

y// +2y/ +y

(c1 + com)e™™ — 2coe™

+2 [—(cl + cox)e” T 4 coe”

+(c1 + cox)e P+ 20 —4

= (1-24+1)(c1 4+ cox)e ™ + (=2 + 2)coe™ ™

+4 4+ 2x —4 =2x

for all values of . Therefore y is a solution of (1.2.8) on (—oc0, 00).

Example 1.2.4 Find all solutions of

y(n) — 27
Solution Integrating (1.2.9) yields
2z
m-1)_ ¢
Y 9 + K1,

where k; is a constant. If n > 2, integrating again yields

e2x
y(n72) = T —+ klx —+ k2.
If n > 3, repeatedly integrating yields
e2x xnfl xn72
Y=oy th

2n (n—1)! (n—2)

+ ks ERE

+ kn,

(1.2.9)

(1.2.10)
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where kq, ko, ..., k, are constants. This shows that every solution of (1.2.9) has the form (1.2.10) for
some choice of the constants k1, ko, ..., k,. On the other hand, differentiating (1.2.10) n times shows
that if k1, ko, ..., k, are arbitrary constants, then the function y in (1.2.10) satisfies (1.2.9).

Since the constants k1, ko, ..., k, in (1.2.10) are arbitrary, so are the constants

k1 ko

(n—1) (n_z)!""’k"'

Therefore Example 1.2.4 actually shows that all solutions of (1.2.9) can be written as

62x
Y= 2—n+01+02$+"'+0n5€"71,
where we renamed the arbitrary constants in (1.2.10) to obtain a simpler formula. As a general rule,
arbitrary constants appearing in solutions of differential equations should be simplified if possible. You’ll

see examples of this throughout the text.
Initial Value Problems

In Example 1.2.4 we saw that the differential equation (") = 2% has an infinite family of solutions that
depend upon the n arbitrary constants ¢y, ca, ..., ¢,. In the absence of additional conditions, there’s no
reason to prefer one solution of a differential equation over another. However, we’ll often be interested
in finding a solution of a differential equation that satisfies one or more specific conditions. The next
example illustrates this.

Example 1.2.5 Find a solution of

such that y(1) = 2.

Solution At the beginning of this section we saw that the solutions of 3/ = 23 are
x? n
=—+c
Y=

To determine a value of ¢ such that y(1) = 2, we set x = 1 and y = 2 here to obtain

Therefore the required solution is
47
4
Figure 1.2.2 shows the graph of this solution. Note that imposing the condition y(1) = 2 is equivalent
to requiring the graph of y to pass through the point (1, 2).
We can rewrite the problem considered in Example 1.2.5 more briefly as

y =2°, y(1) =2

We call this an initial value problem. The requirement y(1) = 2 is an initial condition. Initial value
problems can also be posed for higher order differential equations. For example,

Y =2 +3y=¢€", y0)=1, 3 (0)=2 (12.11)
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is an initial value problem for a second order differential equation where y and 3’ are required to have
specified values at x = 0. In general, an initial value problem for an n-th order differential equation
requires y and its first n — 1 derivatives to have specified values at some point zy. These requirements are
the initial conditions.

-2 -1 0 1 2

i
4

Figure 1.2.2 y =

We’ll denote an initial value problem for a differential equation by writing the initial conditions after
the equation, as in (1.2.11). For example, we would write an initial value problem for (1.2.2) as

y" = f@,y .y "Y), yl@o) = ko, ¥ (o) = k1, o, YT = Ky (1.2.12)

Consistent with our earlier definition of a solution of the differential equation in (1.2.12), we say that y is
a solution of the initial value problem (1.2.12) if y is n times differentiable and

y(n) (.CC) = f(ZC, y('r)a y/(x)a R y(nil)('r))

for all z in some open interval (a, b) that contains xg, and y satisfies the initial conditions in (1.2.12). The
largest open interval that contains xo on which y is defined and satisfies the differential equation is the
interval of validity of y.

Example 1.2.6 In Example 1.2.5 we saw that

4
y::C+7 (1.2.13)

is a solution of the initial value problem
y =2 y(1)=2.

Since the function in (1.2.13) is defined for all z, the interval of validity of this solution is (—o00, 00).
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Example 1.2.7 In Example 1.2.2 we verified that

2
1
y=2 4= (12.14)
3 T
is a solution of
xy +y=a?

on (0, 00) and on (—o0, 0). By evaluating (1.2.14) at z = £1, you can see that (1.2.14) is a solution of
the initial value problems

vy +y=2a> yQ)=- (12.15)

and 5
zy +y=a?, y(—1):—§. (1.2.16)

The interval of validity of (1.2.14) as a solution of (1.2.15) is (0, 00), since this is the largest interval that
contains ¢ = 1 on which (1.2.14) is defined. Similarly, the interval of validity of (1.2.14) as a solution of
(1.2.16) is (—o00, 0), since this is the largest interval that contains 2o = —1 on which (1.2.14) is defined.

Free Fall Under Constant Gravity

The term initial value problem originated in problems of motion where the independent variable is ¢
(representing elapsed time), and the initial conditions are the position and velocity of an object at the
initial (starting) time of an experiment.

Example 1.2.8 An object falls under the influence of gravity near Earth’s surface, where it can be as-

sumed that the magnitude of the acceleration due to gravity is a constant g.

(a) Construct a mathematical model for the motion of the object in the form of an initial value problem
for a second order differential equation, assuming that the altitude and velocity of the object at time
t = 0 are known. Assume that gravity is the only force acting on the object.

(b) Solve the initial value problem derived in (a) to obtain the altitude as a function of time.

SOLUTION(a) Let y(t) be the altitude of the object at time ¢. Since the acceleration of the object has
constant magnitude g and is in the downward (negative) direction, y satisfies the second order equation

y'=-g,
where the prime now indicates differentiation with respect to ¢. If yo and vy denote the altitude and
velocity when ¢ = 0, then ¥ is a solution of the initial value problem

/!

y'=-g, y0)=wo, ¥ (0)=nwo. (1.2.17)

SOLUTION(b) Integrating (1.2.17) twice yields

/

y = —gt+c,
gt?
y = —7+01t+02.

Imposing the initial conditions y(0) = yo and 3’ (0) = v in these two equations shows that ¢; = vy and
ca = yo. Therefore the solution of the initial value problem (1.2.17) is

gt?
Yy = 5 + vot + yo-
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1.2 Exercises

1. Find the order of the equation.

d2 dy d®
(a)d_:cngzﬁd—sz”:O (b)y" — 3y +2y = 2T
©y —y =0 @y'y— () =2

2. Verify that the function is a solution of the differential equation on some interval, for any choice
of the arbitrary constants appearing in the function.
@ y=ce®; y =2
2

X C
b y="+-; ay +y=2a°
3 T

1
(© y= 5—1—0@’9”2; y +2xy ==z

@ y=(1+ ce*x2/2)§ (1- C€7x2/2)71 2 + 2@y’ - 1)=0
23

(e) y—tan(?+0>; y =2*(1+y°)
() y=(c1+cox)e” +sinz+a? y' -2y +y=—2cosx+a*—4x+2

2
® y=cae’+ort = (1-ap +ay —y=401-z-2%)27"

T
(h) y:x*1/2(01 sinx 4 cocos ) + 4x + 8;

1
x2y”+xy’+($2_Z>y—4x3+8x2+3x—2

3. Find all solutions of the equation.

@ y =-x () ¢y =—zsinz

© v =xzlnzx d ¢y’ =xzcosx

(&) vy’ =2xe” ® ¢’ =2x+sinz+e”
(g) y/// — —coszx (h) y/// — —$2 + ex

(i) y/// — 764&0

4. Solve the initial value problem.
(@ y' =-—ze®, y(0)=1
(b) y = xsinz?, y( E) =1
(© y =tanz, y(r/4)=3
@ y' =2 y2)=-1, y(@2)=-
€ y'=aze*, y(0)=7 y(0)=1
) v’ =—wsinz, y(0)=1, y(0)=-3
(8 y"=a%" y0)=1 y(0)=-2 y'(0)=3
() y" =2+sin2z, y(0)=1, y'(0)=-6, y'(0)=3
(i) y"=22+1, y2)=1 y(2)=-4 y'@2)=7

5. Verify that the function is a solution of the initial value problem.

(@ y==xcosx; y =cosx—ytanx, y(w/4):L

42
;Y1) = g

1

1+2nx 1 x2 — 222y 4+ 2
(b) y:T+§; y/ziy

3
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2

(¢) y=tan (%) Y =a(1+y%), y(0)=0
2 —yly+1
@ y=—=; y’:M, y(1) = -2
r—2 T
Verify that the function is a solution of the initial value problem.

3zy —4
(@ y=2%(1+1Inx); y”:%, y(e) = 2¢%, y(e) = 5e
x? 2 —xy +y+1 1 5
0 y=S o1y =TIV gLy =
Py —a@i+1)y
—(1 2 —-1/2. 1 _ (z -1
(© y=Q0+2°)"% y T 1) , y(0) =1,
y'(0)=0
x2 1" 2(x + y) (xy/ — y) /
@ y=1—73 y'= 3 coy(1/2)=1/2, y(1/2)=3

Suppose an object is launched from a point 320 feet above the earth with an initial velocity of 128
ft/sec upward, and the only force acting on it thereafter is gravity. Take g = 32 ft/sec?.

(a) Find the highest altitude attained by the object.
(b) Determine how long it takes for the object to fall to the ground.

Let a be a nonzero real number.

(a) Verify that if c is an arbitrary constant then
y=(z—0) (A)

18 a solution of

on (¢, 00).
(b) Suppose a < 0 or a > 1. Can you think of a solution of (B) that isn’t of the form (A)?

e* -1, x>0,
y:
1—e™, =<0,

Verify that

18 a solution of
y =yl +1

on (—o0, 00). HINT: Use the definition of derivative at x = 0.

(a) Verify that if c is any real number then

y=c*+cx+2c+1 (A)
satisfies
—(z 4+ 2) + /2% + 4z + 4y
y =AY (®)

on some open interval. Identify the open interval.
(b) Verify that
 —x(x+4)
Y1 = 1
also satisfies (B) on some open interval, and identify the open interval. (Note that y; can’t be
obtained by selecting a value of cin (A).)
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1.3 DIRECTION FIELDS FOR FIRST ORDER EQUATIONS

It’s impossible to find explicit formulas for solutions of some differential equations. Even if there are
such formulas, they may be so complicated that they’re useless. In this case we may resort to graphical
or numerical methods to get some idea of how the solutions of the given equation behave.

In Section 2.3 we’ll take up the question of existence of solutions of a first order equation

Y = flz,y). (1.3.1)

In this section we’ll simply assume that (1.3.1) has solutions and discuss a graphical method for ap-
proximating them. In Chapter 3 we discuss numerical methods for obtaining approximate solutions of
(1.3.1).

Recall that a solution of (1.3.1) is a function y = y(z) such that

y'(x) = f(z,y(z))

for all values of x in some interval, and an integral curve is either the graph of a solution or is made up
of segments that are graphs of solutions. Therefore, not being able to solve (1.3.1) is equivalent to not
knowing the equations of integral curves of (1.3.1). However, it’s easy to calculate the slopes of these
curves. To be specific, the slope of an integral curve of (1.3.1) through a given point (xq, yo) is given by
the number f (g, yo). This is the basis of the method of direction fields.

If f is defined on a set R, we can construct a direction field for (1.3.1) in R by drawing a short line
segment through each point (z,y) in R with slope f(z,y). Of course, as a practical matter, we can’t
actually draw line segments through every point in R?; rather, we must select a finite set of points in 2.
For example, suppose f is defined on the closed rectangular region

R:{a<z<bc<y<d}

Let
a=xg<x1<- - <Tyy=>

be equally spaced points in [a, b] and
c=yo <y <--<yp,=d
be equally spaced points in [c, d]. We say that the points

form a rectangular grid (Figure 1.3.1). Through each point in the grid we draw a short line segment with
slope f(z;,y;). The result is an approximation to a direction field for (1.3.1) in R. If the grid points are
sufficiently numerous and close together, we can draw approximate integral curves of (1.3.1) by drawing
curves through points in the grid tangent to the line segments associated with the points in the grid.
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Figure 1.3.1 A rectangular grid

Unfortunately, approximating a direction field and graphing integral curves in this way is too tedious
to be done effectively by hand. However, there is software for doing this. As you’ll see, the combina-
tion of direction fields and integral curves gives useful insights into the behavior of the solutions of the
differential equation even if we can’t obtain exact solutions.

We’ll study numerical methods for solving a single first order equation (1.3.1) in Chapter 3. These
methods can be used to plot solution curves of (1.3.1) in a rectangular region R if f is continuous on R.
Figures 1.3.2, 1.3.3, and 1.3.4 show direction fields and solution curves for the differential equations
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Figure 1.3.4 A direction and integral curves for y/ = y2
1+
The methods of Chapter 3 won’t work for the equation
/

Yy =—x/y (1.3.2)
if R contains part of the x-axis, since f(x,y) = —x/y is undefined when y = 0. Similarly, they won’t
work for the equation

2
e (133)
V=12 y?

if R contains any part of the unit circle 2 + y?> = 1, because the right side of (1.3.3) is undefined if
2% 4 y? = 1. However, (1.3.2) and (1.3.3) can written as

~ B(z,y)

where A and B are continuous on any rectangle R. Because of this, some differential equation software
is based on numerically solving pairs of equations of the form

r_ Alz,y) (1.3.4)

dx B dy B
i B(z,y), = Az, y) (1.3.5)

where x and y are regarded as functions of a parameter ¢. If x = z(¢) and y = y(¢) satisfy these equations,

then
, dy dy [Jdx  A(x,y)

dx  dt/ dt  B(wzy)’
so y = y(x) satisfies (1.3.4).
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Eqns. (1.3.2) and (1.3.3) can be reformulated as in (1.3.4) with

de oy _
a Y aw
and p p
z Y
O 122 W_ 2
dt oY T

respectively. Even if f is continuous and otherwise “nice” throughout R, your software may require you
to reformulate the equation ¢y = f(x,y) as
de | dy _
a7 dt
which is of the form (1.3.5) with A(z,y) = f(x,y) and B(z,y) = 1.
Figure 1.3.5 shows a direction field and some integral curves for (1.3.2). As we saw in Example 1.2.1
and will verify again in Section 2.2, the integral curves of (1.3.2) are circles centered at the origin.

f(z,y),
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Figure 1.3.5 A direction field and integral curves for y’ = ——
Y

Figure 1.3.6 shows a direction field and some integral curves for (1.3.3). The integral curves near the
top and bottom are solution curves. However, the integral curves near the middle are more complicated.
For example, Figure 1.3.7 shows the integral curve through the origin. The vertices of the dashed rectangle
are on the circle 22 + y? = 1 (a =~ .846, b ~ .533), where all integral curves of (1.3.3) have infinite
slope. There are three solution curves of (1.3.3) on the integral curve in the figure: the segment above the
level y = b is the graph of a solution on (—00, a), the segment below the level y = —b is the graph of a
solution on (—a, 00), and the segment between these two levels is the graph of a solution on (—a, a).

USING TECHNOLOGY |
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As you study from this book, you’ll often be asked to use computer software and graphics. Exercises

with this intent are marked as (computer or calculator required), (computer and/or graphics

required), or (laboratory work requiring software and/or graphics). Often you may not completely
understand how the software does what it does. This is similar to the situation most people are in when
they drive automobiles or watch television, and it doesn’t decrease the value of using modern technology

as an aid to learning. Just be careful that you use the technology as a supplement to thought rather than a
substitute for it.
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Figure 1.3.6 A direction field and integral curves for
x
/

y = m Figure 1.3.7

1.3 Exercises

In Exercises 1-11 a direction field is drawn for the given equation. Sketch some integral curves.

Y
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In Exercises 12-22 construct a direction field and plot some integral curves in the indicated rectangular
region.

12. [CGly =yly—1); {-1<e<2, -2<y<2}

13. y’:2—3:cy; {-1<x<4, —4<y<4}
4. [CGly =ayly—1); {2<w<2 —4<y<4}
15. [CG]y =3z +y; {-2<2<2,0<y<4}

16. [CGly =y—a% {-2<2<2 -2<y<2}
17. |[CG|ly =1—22—y? {-2<2<2 —2<y<2}
18. [C/Gly =a(?—1); {-3<2<3, -3<y<2}
19. y’:ﬁ; (—2<2<2 —2<y<2}

2
20. y’:il; {2<z<2 -1<y<4}
-
2
~1
2 [06]y =" (Lica<t —2<y<y)

22. y’:—lx%; {-2<2<2 -2<y<2}
— 2y

23. By suitably renaming the constants and dependent variables in the equations
T = —k(T —Ty,) (A)
and
G =-\G+r (B)

discussed in Section 1.2 in connection with Newton’s law of cooling and absorption of glucose in
the body, we can write both as
Y =—ay+b, (©)

where «a is a positive constant and b is an arbitrary constant. Thus, (A) is of the form (C) with
y=T,a =k,and b = kT,,, and (B) is of the form (C) withy = G, a = A\, and b = r. We’ll
encounter equations of the form (C) in many other applications in Chapter 2.

Choose a positive a and an arbitrary b. Construct a direction field and plot some integral curves
for (C) in a rectangular region of the form

{0<t<T, e<y<d}

of the ty-plane. Vary T, ¢, and d until you discover a common property of all the solutions of (C).
Repeat this experiment with various choices of a and b until you can state this property precisely
in terms of @ and b.

24, By suitably renaming the constants and dependent variables in the equations
P’ =aP(1-aP) (A)

and
I'=rI(S-1) (B)
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discussed in Section 1.1 in connection with Verhulst’s population model and the spread of an
epidemic, we can write both in the form

Y = ay — by, (©)

where a and b are positive constants. Thus, (A) is of the form (C) withy = P,a = a, and b = aq,
and (B) is of the form (C) withy = I, a = S, and b = r. In Chapter 2 we’ll encounter equations
of the form (C) in other applications..

(a) Choose positive numbers a and b. Construct a direction field and plot some integral curves
for (C) in a rectangular region of the form

{0<t<T,0<y<d}

of the ty-plane. Vary T and d until you discover a common property of all solutions of (C)
with y(0) > 0. Repeat this experiment with various choices of a and b until you can state
this property precisely in terms of a and b.

(b) Choose positive numbers a and b. Construct a direction field and plot some integral curves
for (C) in a rectangular region of the form

{0<t<T, c<y<0}

of the ty-plane. Vary a, b, T" and c until you discover a common property of all solutions of
(C) with y(0) < 0.
You can verify your results later by doing Exercise 2.2.27.



CHAPTER 2
First Order Equations

IN THIS CHAPTER we study first order equations for which there are general methods of solution.

SECTION 2.1 deals with linear equations, the simplest kind of first order equations. In this section we
introduce the method of variation of parameters. The idea underlying this method will be a unifying
theme for our approach to solving many different kinds of differential equations throughout the book.

SECTION 2.2 deals with separable equations, the simplest nonlinear equations. In this section we intro-
duce the idea of implicit and constant solutions of differential equations, and we point out some differ-
ences between the properties of linear and nonlinear equations.

SECTION 2.3 discusses existence and uniqueness of solutions of nonlinear equations. Although it may
seem logical to place this section before Section 2.2, we presented Section 2.2 first so we could have
illustrative examples in Section 2.3.

SECTION 2.4 deals with nonlinear equations that are not separable, but can be transformed into separable
equations by a procedure similar to variation of parameters.

SECTION 2.5 covers exact differential equations, which are given this name because the method for
solving them uses the idea of an exact differential from calculus.

SECTION 2.6 deals with equations that are not exact, but can made exact by multiplying them by a
function known called integrating factor.
29
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2.1 LINEAR FIRST ORDER EQUATIONS

A first order differential equation is said to be /inear if it can be written as

Y +p(a)y = f(2). 2.1.1)

A first order differential equation that can’t be written like this is nonlinear. We say that (2.1.1) is
homogeneous if f = 0; otherwise it’s nonhomogeneous. Since y = 0 is obviously a solution of the
homgeneous equation

Y +plz)y =0,

we call it the trivial solution. Any other solution is nontrivial.

Example 2.1.1 The first order equations

x2y/+3y — $2,
ry —8z%y = sinuz,
zy' +(lnz)y = 0,
y = 2%y-2

are not in the form (2.1.1), but they are linear, since they can be rewritten as

3
y+=y o= L
J —Szy = Sinx,
x
Inx
y+—y = 0,
x
y —xly = -2

Example 2.1.2 Here are some nonlinear first order equations:

Yy +3y2 = 2 (because y is squared),
yy = 3 (because of the product yy'),
y +xe¥y = 12 (because of €¥).

General Solution of a Linear First Order Equation

To motivate a definition that we’ll need, consider the simple linear first order equation

1

y = —5- (2.1.2)
x
From calculus we know that y satisfies this equation if and only if
1
y=—=+c, (2.1.3)
x

where c is an arbitrary constant. We call ¢ a parameter and say that (2.1.3) defines a one—parameter
family of functions. For each real number ¢, the function defined by (2.1.3) is a solution of (2.1.2) on
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(—00,0) and (0, 00); moreover, every solution of (2.1.2) on either of these intervals is of the form (2.1.3)
for some choice of c. We say that (2.1.3) is the general solution of (2.1.2).
We'll see that a similar situation occurs in connection with any first order linear equation

Y +px)y = fz); (2.1.4)

that is, if p and f are continuous on some open interval (a, b) then there’s a unique formula y = y(z, ¢)
analogous to (2.1.3) that involves x and a parameter ¢ and has the these properties:

* For each fixed value of ¢, the resulting function of z is a solution of (2.1.4) on (a, b).

* If y is a solution of (2.1.4) on (a,b), then y can be obtained from the formula by choosing ¢
appropriately.

We'll call y = y(x, ¢) the general solution of (2.1.4).
When this has been established, it will follow that an equation of the form

Py(z)y' + Pi(z)y = F(x) (2.1.5)

has a general solution on any open interval (a, b) on which Py, P;, and F are all continuous and Py has
no zeros, since in this case we can rewrite (2.1.5) in the form (2.1.4) withp = P, /Py and f = F/P,,
which are both continuous on (a, b).

To avoid awkward wording in examples and exercises, we won’t specify the interval (a, b) when we
ask for the general solution of a specific linear first order equation. Let’s agree that this always means
that we want the general solution on every open interval on which p and f are continuous if the equation
is of the form (2.1.4), or on which Py, P;, and F' are continuous and Py has no zeros, if the equation is of
the form (2.1.5). We leave it to you to identify these intervals in specific examples and exercises.

For completeness, we point out that if Py, P, and F' are all continuous on an open interval (a, b), but
Py does have a zero in (a, b), then (2.1.5) may fail to have a general solution on (a, b) in the sense just
defined. Since this isn’t a major point that needs to be developed in depth, we won’t discuss it further;
however, see Exercise 44 for an example.

Homogeneous Linear First Order Equations

We begin with the problem of finding the general solution of a homogeneous linear first order equation.
The next example recalls a familiar result from calculus.

Example 2.1.3 Let a be a constant.
(a) Find the general solution of
Yy —ay = 0. (2.1.6)

(b) Solve the initial value problem

Yy —ay=0, ylxo)=yo.

SOLUTION(a) You already know from calculus that if c is any constant, then y = ce®” satisfies (2.1.6).
However, let’s pretend you’ve forgotten this, and use this problem to illustrate a general method for
solving a homogeneous linear first order equation.

We know that (2.1.6) has the trivial solution y = 0. Now suppose y is a nontrivial solution of (2.1.6).
Then, since a differentiable function must be continuous, there must be some open interval I on which y
has no zeros. We rewrite (2.1.6) as

y
~—=a
Y
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y
A
3.0
251 a=2
2_ |
0 a=15
1.5 a=1
1.0
a=-1
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a=-25
a=-4
! ! ! » x
0.2 0.4 0.6 0.8 1.0

Figure 2.1.1 Solutions of y — ay = 0, y(0) =1

for x in I. Integrating this shows that
Injy| =azx+k, so |yl =eFe™,

where £ is an arbitrary constant. Since e** can never equal zero, y has no zeros, so y is either always
positive or always negative. Therefore we can rewrite y as

y = ce” 2.1.7)
where
o { ek ify >0,

—ek ify < 0.

This shows that every nontrivial solution of (2.1.6) is of the form y = ce®* for some nonzero constant c.
Since setting ¢ = 0 yields the trivial solution, all solutions of (2.1.6) are of the form (2.1.7). Conversely,
(2.1.7) is a solution of (2.1.6) for every choice of ¢, since differentiating (2.1.7) yields 3/ = ace®® = ay.

SoLuTiOoN(b) Imposing the initial condition y(z) = yo yields yo = ce**°, so ¢ = yoe~ **° and
Y = yoe 9T — @),
Figure 2.1.1 show the graphs of this function with zg = 0, yg = 1, and various values of a.
Example 2.1.4 (a) Find the general solution of
zy +y=0. (2.1.8)

(b) Solve the initial value problem
xy +y=0, y(1)=3. 2.1.9)
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SOLUTION(a) We rewrite (2.1.8) as
1
y +—y=0, (2.1.10)
T

where z is restricted to either (—o0, 0) or (0, 00). If y is a nontrivial solution of (2.1.10), there must be
some open interval I on which y has no zeros. We can rewrite (2.1.10) as

y _ 1
y @
for x in I. Integrating shows that
ok
Iyl = ~Infel +k, o |yl =

Since a function that satisfies the last equation can’t change sign on either (—oc, 0) or (0, 00), we can
rewrite this result more simply as

y=1< 2.1.11)

T
where

k

o ek ify >0,
] —€ef ify<o.

We’ve now shown that every solution of (2.1.10) is given by (2.1.11) for some choice of c¢. (Even though
we assumed that y was nontrivial to derive (2.1.11), we can get the trivial solution by setting ¢ = 0 in
(2.1.11).) Conversely, any function of the form (2.1.11) is a solution of (2.1.10), since differentiating
(2.1.11) yields

and substituting this and (2.1.11) into (2.1.10) yields

, 1
Votoy = o
X

Figure 2.1.2 shows the graphs of some solutions corresponding to various values of ¢

SoLuTION(b) Imposing the initial condition y(1) = 3 in (2.1.11) yields ¢ = 3. Therefore the solution
of (2.1.9) is
3
y=—
x
The interval of validity of this solution is (0, 00).
The results in Examples 2.1.3(a) and 2.1.4(b) are special cases of the next theorem.

Theorem 2.1.1 If p is continuous on (a, b), then the general solution of the homogeneous equation

Y +plx)y=0 (2.1.12)
on (a,b) is
y=ce P
where
P(x) = /p(x) dz (2.1.13)

is any antiderivative of p on (a,b); that is,

P'(z)=p(z), a<z<b. (2.1.14)
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c<0 c>0

c>0 c<0

Figure 2.1.2 Solutions of zy/ + y = 0 on (0, 00) and (—o0, 0)

Proof Ify = ce—F(®) differentiating y and using (2.1.14) shows that
y =—P'(z)ce” ") = —p(x)ce ™) = —p(x)y,

so ' + p(x)y = 0; that is, y is a solution of (2.1.12), for any choice of c.

Now we’ll show that any solution of (2.1.12) can be written as y = ce~"(*) for some constant ¢. The
trivial solution can be written this way, with ¢ = 0. Now suppose y is a nontrivial solution. Then there’s
an open subinterval I of (a, b) on which y has no zeros. We can rewrite (2.1.12) as

v _ —p(x) (2.1.15)
y

for x in I. Integrating (2.1.15) and recalling (2.1.13) yields
Injy| = —P(z) + k,

where k is a constant. This implies that

o] = ebeF®.
Since P is defined for all z in (a, b) and an exponential can never equal zero, we can take I = (a, b), so
y has zeros on (a, b) (a,b), so we can rewrite the last equation as y = ce~(*), where

. e* ify > 0on(a,b),
T —€F ify<Oon(a,b).

REMARK: Rewriting a first order differential equation so that one side depends only on y and 3 and the

other depends only on z is called separation of variables. We did this in Examples 2.1.3 and 2.1.4, and

in rewriting (2.1.12) as (2.1.15).We’llapply this method to nonlinear equations in Section 2.2.
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Linear Nonhomogeneous First Order Equations

We’ll now solve the nonhomogeneous equation

Y +p(x)y = f(x). (2.1.16)

When considering this equation we call
Y +px)y=0

the complementary equation.

We'll find solutions of (2.1.16) in the form y = wuy;, where y; is a nontrivial solution of the com-
plementary equation and u is to be determined. This method of using a solution of the complementary
equation to obtain solutions of a nonhomogeneous equation is a special case of a method called variation
of parameters, which you’ll encounter several times in this book. (Obviously, u can’t be constant, since
if it were, the left side of (2.1.16) would be zero. Recognizing this, the early users of this method viewed
u as a “parameter” that varies; hence, the name “variation of parameters.”)

If

y=uy;, then y =u'y +uy].

Substituting these expressions for y and ' into (2.1.16) yields

u'yr +u(yy + p(@)yn) = f(2),
which reduces to
u'y = f(z), 2.1.17)
since y; is a solution of the complementary equation; that is,
v+ p(@)y = 0.

In the proof of Theorem 2.2.1 we saw that y; has no zeros on an interval where p is continuous. Therefore
we can divide (2.1.17) through by y; to obtain

u' = f(x)/yi ().

We can integrate this (introducing a constant of integration), and multiply the result by y; to get the gen-
eral solution of (2.1.16). Before turning to the formal proof of this claim, let’s consider some examples.

Example 2.1.5 Find the general solution of

y + 2y = ade 2", (2.1.18)
By applying (a) of Example 2.1.3 with a = —2, we see that y; = ¢~2% is a solution of the com-
plementary equation 3’ + 2y = 0. Therefore we seek solutions of (2.1.18) in the form y = ue=2%, so
that
y =u'e™® —2ue ™ and 3y +2y=ue* — 2ue %" + 2ue = u'e ", (2.1.19)
Therefore y is a solution of (2.1.18) if and only if
we ™ = g3  or, equivalently, u' = z°.
Therefore .
u = T +c,
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4
is the general solution of (2.1.18).
Figure 2.1.3 shows a direction field and some integral curves for (2.1.18).
Example 2.1.6
(a) Find the general solution
Y + (cot x)y = x csc . (2.1.20)
(b) Solve the initial value problem
Yy + (cotz)y =zcscx, y(r/2)=1. (2.1.21)

SOLUTION(a) Here p(z) = cotx and f(x) = x cscx are both continuous except at the points = r,
where r is an integer. Therefore we seek solutions of (2.1.20) on the intervals (r7, (r + 1)7). We need a
nontrival solution y; of the complementary equation; thus, y; must satisfy ¢} + (cot 2)y; = 0, which we

rewrite as ,

I ot = 228 (2.1.22)
Y1 sinx
Integrating this yields
In|y;| = —In|sinz|,

where we take the constant of integration to be zero since we need only one function that satisfies (2.1.22).
Clearly y; = 1/ sin « is a suitable choice. Therefore we seek solutions of (2.1.20) in the form

u

y= sinz’
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so that ,
u UCOST
Yy = — - — (2.1.23)
sinx  sin“zx
and
, ' ucosx ucotx
Y +(cotr)y = — —— .
sinx  sin“zx sinx
!
u UCOST  UCOST
= — — — + . (2.1.24)
sinz  sin“zx sin® x
u/
sinx’

Therefore y is a solution of (2.1.20) if and only if

uw'/sing = xcscw = x/sinx o, equivalently, ' = z.

Integrating this yields

2 u $2 C

u=""f¢ ad y=-———=_2 L (2.1.25)
2 sinx 2sinx  sinz

is the general solution of (2.1.20) on every interval (rm, (r + 1)7) (r =integer).

SoLuUTION(b) Imposing the initial condition y(7/2) = 1 in (2.1.25) yields

2 2
1:%—1—0 or c:l—%.

Thus,
2 1— 28
2 (1-/8)

2sinx sinx

y:

is a solution of (2.1.21). The interval of validity of this solution is (0, 7); Figure 2.1.4 shows its graph.

Figure 2.1.4 Solution of ¢ + (cot )y = x cscx, y(n/2) = 1
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REMARK: It wasn’t necessary to do the computations (2.1.23) and (2.1.24) in Example 2.1.6, since we
showed in the discussion preceding Example 2.1.5 that if y = uy; where y] + p(z)y1 = 0, then v/ +
p(x)y = w'y1. We did these computations so you would see this happen in this specific example. We
recommend that you include these “unnecesary” computations in doing exercises, until you’re confident
that you really understand the method. After that, omit them.

We summarize the method of variation of parameters for solving

¥ +p(@)y = f(z) (2.1.26)
as follows:
(a) Find a function y; such that
vi
L (x
" p(x)
For convenience, take the constant of integration to be zero.
(b) Write
Yy =uy1 (2.1.27)

to remind yourself of what you’re doing.
(¢) Write v'y; = f and solve for «'; thus, v’ = f/y;.
(d) Integrate v’ to obtain u, with an arbitrary constant of integration.

(e) Substitute u into (2.1.27) to obtain y.

To solve an equation written as
Po()y + Pi(x)y = F(x),

we recommend that you divide through by Py(z) to obtain an equation of the form (2.1.26) and then
follow this procedure.

Solutions in Integral Form

Sometimes the integrals that arise in solving a linear first order equation can’t be evaluated in terms of
elementary functions. In this case the solution must be left in terms of an integral.

Example 2.1.7
(a) Find the general solution of
y —2zy = 1.
(b) Solve the initial value problem
y —2xy=1, 5(0)=yo. (2.1.28)

SOLUTION(a) To apply variation of parameters, we need a nontrivial solution y; of the complementary
equation; thus, ¥ — 2zy; = 0, which we rewrite as

/
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Integrating this and taking the constant of integration to be zero yields
2 2
Injyi| =2% so |yf=e".

We choose y; = ¢*” and seek solutions of (2.1.28) in the form y = ue®’ , where

Therefore

u=c+ /efmzd:c,

but we can’t simplify the integral on the right because there’s no elementary function with derivative
equal to e==". Therefore the best available form for the general solution of (2.1.28) is

2 2 2
y=ue’ =e" (c—|— /efm d:c) . (2.1.29)

SOLUTION(b) Since the initial condition in (2.1.28) is imposed at ¢ = 0, it is convenient to rewrite

(2.1.29) as
T 0
= (c—|—/ etzdt> , since / e dt = 0.
0 0

Setting z = 0 and y = yo here shows that ¢ = yy. Therefore the solution of the initial value problem is

o I2 z 7t2
y=e Yo + e " dt]. (2.1.30)
0

For a given value of yq and each fixed z, the integral on the right can be evaluated by numerical methods.
An alternate procedure is to apply the numerical integration procedures discussed in Chapter 3 directly to
the initial value problem (2.1.28). Figure 2.1.5 shows graphs of of (2.1.30) for several values of yg.

<

Figure 2.1.5 Solutions of ¢/ — 2zy = 1, y(0) = yo
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An Existence and Uniqueness Theorem

The method of variation of parameters leads to this theorem.

Theorem 2.1.2 Suppose p and f are continuous on an open interval (a,b), and let iy, be any nontrivial
solution of the complementary equation

Y +plx)y=0

on (a,b). Then:
(a) The general solution of the nonhomogeneous equation

¥ + )y = f(z) (2.1.31)
on (a,b) is
y =y (x) (c + / f(@)/y1(x) d:c) . (2.1.32)
(b) Ifxo is an arbitrary point in (a, b) and yo is an arbitrary real number, then the initial value problem
v +p@)y = fx), ylwo) =10

y—yl(x)( o 710 dt)

yi(zo) Sy ()

has the unique solution

on (a,b).

Proof (a) To show that (2.1.32) is the general solution of (2.1.31) on (a, b), we must prove that:
(i) If ¢ is any constant, the function y in (2.1.32) is a solution of (2.1.31) on (a, b).

(i) If y is a solution of (2.1.31) on (a, b) then y is of the form (2.1.32) for some constant c.
To prove (i), we first observe that any function of the form (2.1.32) is defined on (a, b), since p and f
are continuous on (a, b). Differentiating (2.1.32) yields

Y = 4(2) ( + [ 1@/ @) dx) T @),

Since yi = —p(x)y1, this and (2.1.32) imply that

J = —pe)n) (c+ [ @)/ dx) T )
= p(e)y(@) + £(@),

which implies that y is a solution of (2.1.31).
To prove (ii), suppose ¥ is a solution of (2.1.31) on (a, b). From the proof of Theorem 2.1.1, we know
that y; has no zeros on (a, b), so the function u = y/y; is defined on (a, b). Moreover, since

/

Y =-py+f and y; =—py1,

P Yy
T

yi(-py+f)—(=py)y _ [

y% Y1 '
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u—(o+/f@vM@wm)

which implies (2.1.32), since y = uy; .
(b) We’ve proved (a), where [ f(2)/y1(x) dx in (2.1.32) is an arbitrary antiderivative of f/y;. Now
it’s convenient to choose the antiderivative that equals zero when x = x(, and write the general solution

of (2.1.31) as
(s [T IO
v = )( "L ) dt>'

Integrating v’ = f/y; yields

Since
o f@)
To yl(t)

we see that y(xg) = yo if and only if ¢ = yo /y1(z0)-

vleo) = (ao) (+ it) = o).

2.1 Exercises

In Exercises 1-5 find the general solution.

1. ' + ay = 0 (a=constant) 2. Yy +32%y =0
3. 2y + (Inx)y=0 4. 2y +3y=0
5. 2% +y=0

In Exercises 6—11 solve the initial value problem.

1
6. y’+(¥>y—0, y(1) =1

1
7. xy/—i-(l—i-m)y—(), yle) =1

8 a2y + (1+xcotx)y=0, y(g):2
2x
9. ¥y —(—=)y=0 0)=2
Y (1+x2>y , y(0)

k
10. o' +—-y=0, y(1)=3 (k=constant)
x
11. ' + (tankz)y =0, y(0)=2 (k= constant)

In Exercises 12 —15 find the general solution. Also, plot a direction field and some integral curves on the
rectangular region {—2 < x <2, =2 <y < 2).

12. [CG]y +3y=1 13. y,+<i_1>y__%

14. y’+2xy:xe*x2 p 20 "
<l 15 [CG)Y +7ay =
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In Exercises 16 =24 find the general solution.

1 7 ’ 4 1 sinx
'+ oy =— 17. —
16. y+xy—x2+3 y+ v (‘%_1)5+(I_1)4
2
! = —
18. a2y + (1+22%)y = 23— 19. xzy/ +2y= pe +1
20. Yy + (tanx)y = cosx 21. (1+x)y/+2y: flj_x
T

22. (z—-2)(z— 1)y — 4z - 3)y = (z — 2)3
23. ¢ + (2sinzcosz)y =€~ sine 24, 2%y 4 3zy=€®

In Exercises 25-29 solve the initial value problem and sketch the graph of the solution.
25. y +Ty=e3*  y(0)=0

2
26. 1+ 22y +day= ——, y(0)=1

14 22’

2
27. |C/IG ! = —1) =
[C/G] oy +3y 012D y(=1) =0
28. y + (cot )y = cosz, y (g) =1
1 2
29. y’+;y:§+1, y(=1) =0

In Exercises 30-37 solve the initial value problem.

1 sinz
— ! = =
30. (z—1)y +3y @1 + @12 y(0) =1
31. Yy +2y=28z2%, y(1)=3
32. xy —2y=-22 y(l)=1
3. ¢y +2zy==x, y(0)=3
1 —1 2
3. (z—-1)y +3y= + (@~ 1)sec :c, y(0) = —1
(z—1)°
14 222
! = — =
35. (x+42)y +4y = @1 y(—=1) =2

36. (22—1)y —2zy=a(2?>-1), y0)=4
37. (22 =5)y —2zy= —2x(2?>-5), y(2)=7

In Exercises 38—42 solve the initial value problem and leave the answer in a form involving a definite
integral. (You can solve these problems numerically by methods discussed in Chapter 3.)

38. ¢ +2xy=2% y(0)=3

1 sinx
9. ! - = — 1 :2
3. Yt —y=—, y)
40 y,+y:e tanx, (1):0



Section 2.1 Linear First Order Equations 43

2z e’
T2V " T y(0)
2. zy+(x+1y= e y(l) =2
43. Experiments indicate that glucose is absorbed by the body at a rate proportional to the amount of
glucose present in the bloodstream. Let A\ denote the (positive) constant of proportionality. Now

suppose glucose is injected into a patient’s bloodstream at a constant rate of r units per unit of
time. Let G = G(t) be the number of units in the patient’s bloodstream at time ¢ > 0. Then

41. o +

G = -G+,

where the first term on the right is due to the absorption of the glucose by the patient’s body and
the second term is due to the injection. Determine G for ¢ > 0, given that G(0) = Gy. Also, find

44. (a) Plot a direction field and some integral curves for
zy —2y=—1 (A)

on the rectangular region {—1 < z < 1,—.5 < y < 1.5}. What do all the integral curves
have in common?

(b) Show that the general solution of (A) on (—o0, 0) and (0, 00) is

1 2
y—§+cx.

(c) Show that y is a solution of (A) on (—oco, c0) if and only if

1

—+01x2, x>0
_ 2
Y711

54‘02:62, z <0,

3

where c¢; and cy are arbitrary constants.

(d) Conclude from (c) that all solutions of (A) on (—oo, c0) are solutions of the initial value
problem

xy —2y=-1, y(0)=.

(e) Use (b) to show that if 2y # 0 and yy is arbitrary, then the initial value problem

zy —2y=-1, y(xo)=1o

has infinitely many solutions on (—o0, o). Explain why this does’nt contradict Theorem 2.1.1(b).
45. Suppose f is continuous on an open interval (a, b) and « is a constant.

(a) Derive a formula for the solution of the initial value problem

Y +ay = f(z), y(xo) = o, (A)

where z is in (a, b) and yo is an arbitrary real number.
(b) Suppose (a,b) = (a,00), @ > 0and lim f(z) = L. Show that if y is the solution of (A),
then lim y(z) = L/a.
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46.

47.

48.

49.

Assume that all functions in this exercise are defined on a common interval (a, b).

(a) Prove: If y; and y, are solutions of

Y +p(@)y = fi(x)
and
Y +p()y = fo(x)
respectively, and c; and ¢y are constants, then y = c1y1 + c2y2 is a solution of

Y +p(x)y = c1fi(x) + cafo(w).

(This is theprinciple of superposition.)
(b) Use (a) to show that if y; and y» are solutions of the nonhomogeneous equation

y +p@)y = f(a), (A)
then y; — yo is a solution of the homogeneous equation
y +p(@)y =0. (B)

(¢) Use (a) to show that if y; is a solution of (A) and y- is a solution of (B), then y; + y5 is a
solution of (A).

Some nonlinear equations can be transformed into linear equations by changing the dependent
variable. Show that if

9 Wy +p()gly) = f(z)
where y is a function of x and ¢ is a function of y, then the new dependent variable z = ¢(y)
satisfies the linear equation

2 +ple)z = f(a).

Solve by the method discussed in Exercise 47.

x

2 1
(a) (sec’y)y’ — 3tany = —1 (b) " (2yy’ + E) =2

y 1 3

(1+y)? z(+y) 22
We’ve shown that if p and f are continuous on (a, b) then every solution of

Y +plx)y = f(x) (A)

on (a, b) can be written as y = uy;, where y; is a nontrivial solution of the complementary equa-
tion for (A) and u' = f/y1. Now suppose f, f', ..., f™ and p, p/, ..., p™~1) are continuous
on (a, b), where m is a positive integer, and define

fO = fa
i

/
© 2L 4 2lny = 422 @)
Yy

|
Sk
\
+
=
Sh
\
—
A
<
IN
3

Show that
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2.2 SEPARABLE EQUATIONS

A first order differential equation is separable if it can be written as

h(y)y = g(x), 2.2.1)

where the left side is a product of 3 and a function of y and the right side is a function of z. Rewriting
a separable differential equation in this form is called separation of variables. In Section 2.1 we used
separation of variables to solve homogeneous linear equations. In this section we’ll apply this method to
nonlinear equations.
To see how to solve (2.2.1), let’s first assume that y is a solution. Let G(z) and H (y) be antiderivatives
of g(x) and h(y); that is,
H'(y) =h(y) and G'(z)=g(x). (22.2)

Then, from the chain rule,

%H(y(x)) = H'(y(x))y' (z) = h(y)y' (x).

Therefore (2.2.1) is equivalent to
d d
T H(y(x)) = 5-G(a).

Integrating both sides of this equation and combining the constants of integration yields
H(y(x)) = G(x) + c. (2.2.3)

Although we derived this equation on the assumption that y is a solution of (2.2.1), we can now view it
differently: Any differentiable function y that satisfies (2.2.3) for some constant c is a solution of (2.2.1).
To see this, we differentiate both sides of (2.2.3), using the chain rule on the left, to obtain

H'(y(x))y' (x) = G'(x),
which is equivalent to
h(y(x))y' (z) = g(x)

because of (2.2.2).
In conclusion, to solve (2.2.1) it suffices to find functions G = G(z) and H = H(y) that satisfy
(2.2.2). Then any differentiable function y = y(x) that satisfies (2.2.3) is a solution of (2.2.1).

Example 2.2.1 Solve the equation

Y =a(l+y7).
Solution Separating variables yields
vy .

1+ 92 '

Integrating yields
22
tan ™ Yy = > +c

Therefore
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Example 2.2.2
(a) Solve the equation
y = -2 (2.2.4)
Y
(b) Solve the initial value problem
Y =-2 y(1) =1 2.2.5)
Y
(¢) Solve the initial value problem
Y = _E, y(1) = 2. (2.2.6)
Y
SOLUTION(a) Separating variables in (2.2.4) yields
yy = —x.
Integrating yields
2 2
=2 ivalently, a2 + 32 =2
D) + ¢, or equvalently, "+ 1y~ =2c.

The last equation shows that ¢ must be positive if y is to be a solution of (2.2.4) on an open interval.
Therefore we let 2c = a? (with a > 0) and rewrite the last equation as

z? + 9y =a’ 2.2.7)

This equation has two differentiable solutions for y in terms of x:

y= +Va?2—12%2 —a<uz<a, (2.2.8)

and

y=—Va? -2, —a<zx<a. (2.2.9)

The solution curves defined by (2.2.8) are semicircles above the z-axis and those defined by (2.2.9) are
semicircles below the z-axis (Figure 2.2.1).

SOLUTION(b) The solutionof (2.2.5) is positive when x = 1; hence, it is of the form (2.2.8). Substituting
z = 1and y = 1 into (2.2.7) to satisfy the initial condition yields a® = 2; hence, the solution of (2.2.5) is

y=v2-12, —V2<z<V2

SOLUTION(c) The solution of (2.2.6) is negative when x = 1 and is therefore of the form (2.2.9).
Substituting x = 1 and y = —2 into (2.2.7) to satisfy the initial condition yields a®> = 5. Hence, the

solution of (2.2.6) is
y=—-V5—22 —Vb<xz<5.
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Figure22.1 @)y =v2 —22, —vV2 <2 <v2; by=—V56—-22, —\/5<az<5

Implicit Solutions of Separable Equations

In Examples 2.2.1 and 2.2.2 we were able to solve the equation H(y) = G(x) + c¢ to obtain explicit
formulas for solutions of the given separable differential equations. As we’ll see in the next example,
this isn’t always possible. In this situation we must broaden our definition of a solution of a separable
equation. The next theorem provides the basis for this modification. We omit the proof, which requires a
result from advanced calculus called as the implicit function theorem.

Theorem 2.2.1 Suppose g = g(x) is continous on (a,b) and h = h(y) are continuous on (c,d). Let G
be an antiderivative of g on (a,b) and let H be an antiderivative of h on (c,d). Let xo be an arbitrary
point in (a,b), let yo be a point in (¢, d) such that h(yo) # 0, and define

¢ = H(yp) — G(xp). (2.2.10)

Then there’s a functiony = y(x) defined on some open interval (ay,b1), where a < a1 < zg < by < b,
such that y(x¢) = yo and
H(y) = G(z) + ¢ 22.11)

foray < x < by. Therefore y is a solution of the initial value problem
h(y)y = g(x), y(zo) = 0. (2.2.12)

It’s convenient to say that (2.2.11) with ¢ arbitrary is an implicit solution of h(y)y' = g(x). Curves
defined by (2.2.11) are integral curves of h(y)y' = g(z). If ¢ satisfies (2.2.10), we’ll say that (2.2.11) is
an implicit solution of the initial value problem (2.2.12). However, keep these points in mind:

» For some choices of c there may not be any differentiable functions y that satisfy (2.2.11).
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* The function y in (2.2.11) (not (2.2.11) itself) is a solution of h(y)y’ = g(x).

Example 2.2.3
(a) Find implicit solutions of
y = 52;17—:_11. (2.2.13)
(b) Find an implicit solution of
y = 52;%11, y(2) = 1. (2.2.14)

SOLUTION(a) Separating variables yields

(G5y* + 1)y =2z + 1.
Integrating yields the implicit solution

v+y=a’+z+ec (2.2.15)
of (2.2.13).

SoLUTION(b) Imposing the initial condition y(2) = 1in (2.2.15) yields 1+ 1 =4+ 24 ¢,s0c = —4.
Therefore
v 4+y=a’+z—-4
is an implicit solution of the initial value problem (2.2.14). Although more than one differentiable func-
tion y = y(x) satisfies 2.2.13) near x = 1, it can be shown that there’s only one such function that
satisfies the initial condition y(1) = 2.
Figure 2.2.2 shows a direction field and some integral curves for (2.2.13).

Constant Solutions of Separable Equations

An equation of the form

is separable, since it can be rewritten as

1 /
——y = g(x).
p(y)
However, the division by p(y) is not legitimate if p(y) = 0 for some values of y. The next two examples
show how to deal with this problem.

Example 2.2.4 Find all solutions of
Yy = 2xy”. (2.2.16)

Solution Here we must divide by p(y) = y? to separate variables. This isn’t legitimate if y is a solution
of (2.2.16) that equals zero for some value of z. One such solution can be found by inspection: y = 0.
Now suppose ¥ is a solution of (2.2.16) that isn’t identically zero. Since y is continuous there must be an
interval on which y is never zero. Since division by 3 is legitimate for x in this interval, we can separate
variables in (2.2.16) to obtain )

y—2 = 2z.

Y
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Figure 2.2.2 A direction field and integral curves for y’ = —
Syt +1
Integrating this yields
1 2
—— =z"+c,
Y
which is equivalent to
1
=——. 2.2.17
4 x2+c ( )

We’ve now shown that if y is a solution of (2.2.16) that is not identically zero, then y must be of the
form (2.2.17). By substituting (2.2.17) into (2.2.16), you can verify that (2.2.17) is a solution of (2.2.16).
Thus, solutions of (2.2.16) are y = 0 and the functions of the form (2.2.17). Note that the solutiony = 0
isn’t of the form (2.2.17) for any value of c.

Figure 2.2.3 shows a direction field and some integral curves for (2.2.16)

Example 2.2.5 Find all solutions of
1
Y =521 — 1) (22.18)

Solution Here we must divide by p(y) = 1 — y? to separate variables. This isn’t legitimate if ¥ is a
solution of (2.2.18) that equals =1 for some value of x. Two such solutions can be found by inspection:
y = 1and y = —1. Now suppose ¥ is a solution of (2.2.18) such that 1 — 2 isn’t identically zero. Since
1 — 92 is continuous there must be an interval on which 1 — 2 is never zero. Since division by 1 — y? is
legitimate for « in this interval, we can separate variables in (2.2.18) to obtain
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Figure 2.2.3 A direction field and integral curves for ¢/ = 2z?

A partial fraction expansion on the left yields

1 1 J
- - =z,
y—1 y+1

and integrating yields

y—1 T
1 —— + k;
n y+1’ 2 + &5
hence,
k —22/2
e .
’y—i—l

Since y(x) # +1 for z on the interval under discussion, the quantity (y — 1)/(y + 1) can’t change sign
in this interval. Therefore we can rewrite the last equation as

—1
Y :C€7x2/2,
y+1

where ¢ = +e*, depending upon the sign of (y — 1)/(y + 1) on the interval. Solving for y yields

2
14ce /2

We’ve now shown that if y is a solution of (2.2.18) that is not identically equal to 1, then y must be
as in (2.2.19). By substituting (2.2.19) into (2.2.18) you can verify that (2.2.19) is a solution of (2.2.18).
Thus, the solutions of (2.2.18) are y = 1, y = —1 and the functions of the form (2.2.19). Note that the



Section 2.2 Separable Equations 51

constant solution y = 1 can be obtained from this formula by taking ¢ = 0; however, the other constant
solution, y = —1, can’t be obtained in this way.

Figure 2.2.4 shows a direction field and some integrals for (2.2.18).

MR R
MR R R R
y(rveree

T T e .

N -

Differences Between Linear and Nonlinear Equations

Theorem 2.1.2 states that if p and f are continuous on (a, b) then every solution of

Y +plx)y = f(x)

on (a,b) can be obtained by choosing a value for the constant ¢ in the general solution, and if x¢ is any
point in (a, b) and y is arbitrary, then the initial value problem

v +p(x)y = f(z), y(xo) =10

has a solution on (a, b).

The not true for nonlinear equations. First, we saw in Examples 2.2.4 and 2.2.5 that a nonlinear
equation may have solutions that can’t be obtained by choosing a specific value of a constant appearing
in a one-parameter family of solutions. Second, it is in general impossible to determine the interval
of validity of a solution to an initial value problem for a nonlinear equation by simply examining the

equation, since the interval of validity may depend on the initial condition. For instance, in Example 2.2.2
we saw that the solution of
dy T
L2 yeo) =
z Y

is valid on (—a, a), where a = /23 + y2.
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Example 2.2.6 Solve the initial value problem

v =2zy?,  y(0) =yo

and determine the interval of validity of the solution.

Solution First suppose yo # 0. From Example 2.2.4, we know that y must be of the form

1
- 2.2.20
Yy Z e ( )
Imposing the initial condition shows that ¢ = —1/y. Substituting this into (2.2.20) and rearranging
terms yields the solution
_ Yo
LA yox2’

This is also the solution if yg = 0. If yg < 0, the denominator isn’t zero for any value of z, so the the
solution is valid on (—o0, 00). If 419 > 0, the solution is valid only on (—1/,/%0,1//%0)-

2.2 Exercises

In Exercises 1-6 find all solutions.

3z + 2z +1
g dr TAarT 2. (sinz)(siny) + (cosy)y =0

y—2
3. 2/ +y2+y=0 4. y'Inlyl+2%y=0
2z + 1)y
5. (3y°+3 1)y’ (7:0
(3y” + 3ycosy + 1)y + T2

6. 2Py = (4 —1)*?

In Exercises T-10 find all solutions. Also, plot a direction field and some integral curves on the indicated
rectangular region.

7. Yy =22(1+9%); {-1<z<1,-1<y<1}

8. Y(1+a?) +ay=0; {-2<2<2 -1<y<1}

9. Y =@-Dy-y-2); {-2<r<2 -3<y<3}
10. (y—1)2%¢y =22+3; {-2<x<2 -2<y<5}
In Exercises 11 and 12 solve the initial value problem.

22 4+3x+2
y—2
12. ¢ +z(y®+y) =0, y2)=1

11. ¢ =

In Exercises 13-16 solve the initial value problem and graph the solution.

13. (3y? +4y)y +2x +cosz =0, y(0)=1



14.

15.
16.
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[C/G] o + w+Dy-Du=2) _, )

r+1

[CIG]y +22(y+1) =0, 3(0) =2
(C/Gy = 22y(1 +42), y(0) =1

In Exercises 17-23 solve the initial value problem and find the interval of validity of the solution.

17.
18.

19.

21.
22,
23.

24.

25.

26.

27.

28.

29.

30.

y(@? +2)+4dz(y* +2y+1) =0, y(l)=-1
y'=-22(y* - 3y+2), y(0)=3
2x
= 1Troy y(2) =0 20, y=2y-y? y(0)=1
z4+yy =0, y3)=-4
y+aiy+1)(y—2)7°=0, y@)=2
4+ 1)(z-2)yY +y=0, y(l)=-3
(14 32 tan A + tan B

) , o
m exphcltly. HINT. USE the zdentzty tan(A —+ B) = m

Solve 4/ /1 — 22 + /1 — 42 = 0 explicitly. HINT: Use the identity sin(A — B) = sin A cos B —

cos Asin B.

Solve y’ = Z?Zx, y(m) = g explicitly. HINT: Use the identity cos(x + 7/2) = — sin x and the

/

Y

Solve iy =

periodicity of the cosine.

Solve the initial value problem
y =ay—by*, y(0) = yo.

Discuss the behavior of the solution if (a) yg > 0; (b) yo < 0.
The population P = P(t) of a species satisfies the logistic equation

P’ =aP(1-aP)
and P(0) = Py > 0. Find P fort > 0, and find lim;_, o, P(t).

An epidemic spreads through a population at a rate proportional to the product of the number of
people already infected and the number of people susceptible, but not yet infected. Therefore, if
S denotes the total population of susceptible people and I = I(t) denotes the number of infected
people at time ¢, then

I'=rI(S-1),
where 7 is a positive constant. Assuming that 1(0) = Iy, find I(¢) for ¢ > 0, and show that

The result of Exercise 29 is discouraging: if any susceptible member of the group is initially
infected, then in the long run all susceptible members are infected! On a more hopeful note,
suppose the disease spreads according to the model of Exercise 29, but there’s a medication that
cures the infected population at a rate proportional to the number of infected individuals. Now the
equation for the number of infected individuals becomes

I'=rI(S—1)—ql (A)

where ¢ is a positive constant.
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31.

32.

33.

Chapter 2 First Order Equations

(a) Choose r and S positive. By plotting direction fields and solutions of (A) on suitable rectan-

gular grids
R={0<t<T,0<I<d}

in the (¢, I)-plane, verify that if I is any solution of (A) such that I(0) > 0, then lim; o, I(t) =
S —q/rifq<rSandlim;_, I(t) =0ifg > rS.

(b) To verify the experimental results of (a), use separation of variables to solve (A) with initial
condition I(0) = Iy > 0, and find limy_, o, I(t). HINT: There are three cases to consider:
(i) g <rS; (i) g>rS; (i) ¢ =rS.

Consider the differential equation

Y =ay—by* —q, (A)

where a, b are positive constants, and ¢ is an arbitrary constant. Suppose y denotes a solution of
this equation that satisfies the initial condition y(0) = yo.

(a) Choose a and b positive and ¢ < a?/4b. By plotting direction fields and solutions of (A) on
suitable rectangular grids
R={0<t<T c<y<d} (B)

in the (¢, y)-plane, discover that there are numbers y; and yo with y; < yo such that if
Yo > y1 then limy .o y(t) = yo, and if yo < y; then y(t) = —oo for some finite value of ¢.
(What happens if yo = y17)

(b) Choose a and b positive and ¢ = a?/4b. By plotting direction fields and solutions of (A)
on suitable rectangular grids of the form (B), discover that there’s a number y; such that if
Yo > 1 then limy o y(t) = y1, while if yo < y1 then y(t) = —oo for some finite value of

t.
(¢) Choose positive a, b and ¢ > a?/4b. By plotting direction fields and solutions of (A) on
suitable rectangular grids of the form (B), discover that no matter what yy is, y(t) = —oo for

some finite value of ¢.
(d) Verify your results experiments analytically. Start by separating variables in (A) to obtain

/

Yy

ay —by* —q
To decide what to do next you’ll have to use the quadratic formula. This should lead you to
see why there are three cases. Take it from there!

Because of its role in the transition between these three cases, qo = a?/4b is called a bifur-
cation value of q. In general, if ¢ is a parameter in any differential equation, ¢ is said to be a
bifurcation value of ¢ if the nature of the solutions of the equation with ¢ < qq is qualitatively
different from the nature of the solutions with ¢ > ¢q.

By plotting direction fields and solutions of

v =ay -y’
convince yourself that gg = 0 is a bifurcation value of ¢ for this equation. Explain what makes
you draw this conclusion.

Suppose a disease spreads according to the model of Exercise 29, but there’s a medication that
cures the infected population at a constant rate of ¢ individuals per unit time, where ¢ > 0. Then
the equation for the number of infected individuals becomes

I'=ri(S—-1)—q.

Assuming that 1(0) = Iy > 0, use the results of Exercise 31 to describe what happens as ¢t — oo.
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34. Assuming that p # 0, state conditions under which the linear equation

Y +plx)y = f(x)

is separable. If the equation satisfies these conditions, solve it by separation of variables and by
the method developed in Section 2.1.

Solve the equations in Exercises 35-38 using variation of parameters followed by separation of variables.

6

2re " ’ T
/ _ 36. — 2y =
35. y+y_1+yex Y Yy S
4 1)€4x xe2x
37, o —y= 2t 38, o —oy— 2
Yy -y (g + ¢7)2 Y Y =

39. Use variation of parameters to show that the solutions of the following equations are of the form
y = uyi, where u satisfies a separable equation v’ = g(z)p(u). Find y; and g for each equation.

@y +y = h(@)p(ey) (b) oy —y = hia)p ()
(© Y +y = h(z)p(e®y) (d) ' + ry = h(z)p(z"y)
©y + %y = h(z)p (w(a)y)

2.3 EXISTENCE AND UNIQUENESS OF SOLUTIONS OF NONLINEAR EQUATIONS

Although there are methods for solving some nonlinear equations, it’s impossible to find useful formulas
for the solutions of most. Whether we’re looking for exact solutions or numerical approximations, it’s
useful to know conditions that imply the existence and uniqueness of solutions of initial value problems
for nonlinear eauations. In this section we state such a condition and illustrate it with examples.

Figure 2.3.1 An open rectangle
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Some terminology: an open rectangle R is a set of points (x, y) such that
a<zx<b and c<y<d

(Figure 2.3.1). We’ll denote thisset by R : {a < < b,¢ < y < d}. “Open” means that the boundary
rectangle (indicated by the dashed lines in Figure 2.3.1) isn’t included in R .

The next theorem gives sufficient conditions for existence and uniqueness of solutions of initial value
problems for first order nonlinear differential equations. We omit the proof, which is beyond the scope of
this book.

Theorem 2.3.1
(a) If f is continuous on an open rectangle
R:{a<zxz<bec<y<d}

that contains (xo, yo) then the initial value problem

Y = f(z,y), ylxo) =wo (2.3.1)

has at least one solution on some open subinterval of (a, b) that contains x.

(b) Ifboth f and f, are continuous on R then (2.3.1) has a unique solution on some open subinterval
of (a, b) that contains x.

It’s important to understand exactly what Theorem 2.3.1 says.

* (a) is an existence theorem. It guarantees that a solution exists on some open interval that contains
Zg, but provides no information on how to find the solution, or to determine the open interval on
which it exists. Moreover, (a) provides no information on the number of solutions that (2.3.1) may
have. It leaves open the possibility that (2.3.1) may have two or more solutions that differ for values
of z arbitrarily close to . We will see in Example 2.3.6 that this can happen.

* (b) is a uniqueness theorem. It guarantees that (2.3.1) has a unique solution on some open interval
(a,b) that contains xy. However, if (a,b) # (—o0, 00), (2.3.1) may have more than one solution on
a larger interval that contains (a, b). For example, it may happen that b < oo and all solutions have
the same values on (a, b), but two solutions y; and y, are defined on some interval (a, by) with
b1 > b, and have different values for b < = < by; thus, the graphs of the y; and y, “branch off” in
different directions at z = b. (See Example 2.3.7 and Figure 2.3.3). In this case, continuity implies
that y1 (b) = y2(b) (call their common value 7), and y; and y- are both solutions of the initial value
problem

v =flxy), yb) =7 (2.32)
that differ on every open interval that contains b. Therefore f or f, must have a discontinuity at
some point in each open rectangle that contains (b, ), since if this were not so, (2.3.2) would have
a unique solution on some open interval that contains b. We leave it to you to give a similar analysis
of the case where a > —oo.

Example 2.3.1 Consider the initial value problem

/ 2?2 — 2
= < =yp. 233
U L y(wo) = Yo (2.3.3)
Since 5 o ( 2)
Tt —y 2y(1 + 2z
R E—— d S S —
few)=raye ™ ey =—grar e
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are continuous for all (z, y), Theorem 2.3.1 implies that if (x¢, yo) is arbitrary, then (2.3.3) has a unique
solution on some open interval that contains x.

Example 2.3.2 Consider the initial value problem

2 2
’ rm -y
= 7 = 1. 234
V= mT y(zo) = Yo (2.3.4)
Here ) 5 9
T -y da=y
. d = =
f('ray) x2+y2 an fy('ray) (x2+y2)2

are continuous everywhere except at (0, 0). If (20, yo) # (0, 0), there’s an open rectangle R that contains
(20, yo) that does not contain (0, 0). Since f and f, are continuous on R, Theorem 2.3.1 implies that if
(20, y0) # (0,0) then (2.3.4) has a unique solution on some open interval that contains z.

Example 2.3.3 Consider the initial value problem

x +
v =21 y(z0) = yo. 23.5)

Here n 5
T4y T

flz,y)=—— and fy(2,y)= —=5

T—y (z—v)

are continuous everywhere except on the line y = x. If yg # xo, there’s an open rectangle R that contains
(x0, yo) that does not intersect the line y = z. Since f and f, are continuous on R, Theorem 2.3.1 implies
that if yo # x, (2.3.5) has a unique solution on some open interval that contains z.

Example 2.3.4 In Example 2.2.4 we saw that the solutions of
Yy = 2zy’ (2.3.6)

are )
24+ c’

where cis an arbitrary constant. In particular, this implies that no solution of (2.3.6) other than y = 0 can
equal zero for any value of z. Show that Theorem 2.3.1(b) implies this.

y=0 and y=-—

Solution We’ll obtain a contradiction by assuming that (2.3.6) has a solution y; that equals zero for some
value of x, but isn’t identically zero. If y; has this property, there’s a point xo such that y; (z¢) = 0, but
y1(z) # 0 for some value of x in every open interval that contains xo. This means that the initial value
problem

Y =2zy%, y(xe) =0 2.3.7)

has two solutions y = 0 and y = y; that differ for some value of = on every open interval that contains
xg. This contradicts Theorem 2.3.1(b), since in (2.3.6) the functions

flx,y) =2xy> and  fy(z,y) = day.

are both continuous for all (x, y), which implies that (2.3.7) has a unique solution on some open interval
that contains x.
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Example 2.3.5 Consider the initial value problem

10
y = 3%2/5, y(z0) = yo. (2.3.8)

(a) For what points (xg, yo) does Theorem 2.3.1(a) imply that (2.3.8) has a solution?

(b) For what points (2, yo) does Theorem 2.3.1(b) imply that (2.3.8) has a unique solution on some
open interval that contains x¢?

SOLUTION(a) Since
10 /5

flz,y) = gwa

is continuous for all (z, y), Theorem 2.3.1 implies that (2.3.8) has a solution for every (xo, yo)-

SOLUTION(b) Here
4
Fy(w,y) = qay™°

is continuous for all (z,y) with y # 0. Therefore, if yo # 0 there’s an open rectangle on which both f
and f, are continuous, and Theorem 2.3.1 implies that (2.3.8) has a unique solution on some open interval
that contains xzg.

If y = 0 then f, (x, y) is undefined, and therefore discontinuous; hence, Theorem 2.3.1 does not apply
to (2.3.8)if yog = 0.

Example 2.3.6 Example 2.3.5 leaves open the possibility that the initial value problem
10
y = E:cyQ/S, y(0) =0 (2.3.9)

has more than one solution on every open interval that contains zo = 0. Show that this is true.

Solution By inspection, y = 0 is a solution of the differential equation

10
y =Syl (23.10)
Since y = 0 satisfies the initial condition y(0) = 0, it’s a solution of (2.3.9).
Now suppose y is a solution of (2.3.10) that isn’t identically zero. Separating variables in (2.3.10)
yields
10
-2/5, 7 _ =¥
Y Y 37
on any open interval where y has no zeros. Integrating this and rewriting the arbitrary constant as 5¢/3
yields
) )
§y3/5 = g(:cQ + ).
Therefore
y = (2 +¢)°/3. (2.3.11)

Since we divided by y to separate variables in (2.3.10), our derivation of (2.3.11) is legitimate only on
open intervals where y has no zeros. However, (2.3.11) actually defines y for all z, and differentiating
(2.3.11) shows that

10 10
y = ?:c(:cQ +¢)?? = ?xy2/5, —00 < T < 00.
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Y
<

Figure 2.3.2 Two solutions (y = 0 and y = x'/?) of (2.3.9) that differ on every interval containing
o = 0

Therefore (2.3.11) satisfies (2.3.10) on (—o0, 00) even if ¢ < 0, so that y(1/]c]) = y(—+/]¢]) = 0. In
particular, taking ¢ = 0 in (2.3.11) yields

y = £10/3

as a second solution of (2.3.9). Both solutions are defined on (—o0, 00), and they differ on every open
interval that contains o = 0 (see Figure 2.3.2.) In fact, there are four distinct solutions of (2.3.9) defined
on (—o0, 00) that differ from each other on every open interval that contains 2z = 0. Can you identify
the other two?

Example 2.3.7 From Example 2.3.5, the initial value problem

10
y = gxy2/5, y(0) = —1 (2.3.12)
has a unique solution on some open interval that contains zop = 0. Find a solution and determine the
largest open interval (a, b) on which it’s unique.

Solution Let y be any solution of (2.3.12). Because of the initial condition y(0) = —1 and the continuity
of y, there’s an open interval I that contains zo = 0 on which y has no zeros, and is consequently of the
form (2.3.11). Settingx =0 and y = —1in (2.3.11) yields ¢ = —1, so

y= (22 —-1)°3 (23.13)

for z in I. Therefore every solution of (2.3.12) differs from zero and is given by (2.3.13) on (—1, 1);
that is, (2.3.13) is the unique solution of (2.3.12) on (—1, 1). This is the largest open interval on which
(2.3.12) has a unique solution. To see this, note that (2.3.13) is a solution of (2.3.12) on (—00, 00). From
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Exercise 2.2.15, there are infinitely many other solutions of (2.3.12) that differ from (2.3.13) on every
open interval larger than (—1, 1). One such solution is

(2 —1)5/3, —1<z<1,
y:
0, |z| > 1.

(Figure 2.3.3).

Figure 2.3.3 Two solutions of (2.3.12) on (—o0, 00)
that coincide on (—1, 1), but on no larger open
interval Figure 2.3.4 The unique solution of (2.3.14)

Example 2.3.8 From Example 2.3.5, the initial value problem

1
Y = goxy2/5, y(0) =1 (2.3.14)

has a unique solution on some open interval that contains x¢g = 0. Find the solution and determine the
largest open interval on which it’s unique.

Solution Let y be any solution of (2.3.14). Because of the initial condition y(0) = 1 and the continuity
of y, there’s an open interval I that contains zo = 0 on which y has no zeros, and is consequently of the
form (2.3.11). Settingx = 0 and y = 1in (2.3.11) yields ¢ = 1, so

y= (a2 +1)°? (2.3.15)

for z in I. Therefore every solution of (2.3.14) differs from zero and is given by (2.3.15) on (—o0, 00);
that is, (2.3.15) is the unique solution of (2.3.14) on (—oc0, c0). Figure 2.3.4 shows the graph of this
solution.

2.3 Exercises

In Exercises 1-13 find all (zo, yo) for which Theorem 2.3.1 implies that the initial value problem 3’ =
f(z,y), y(zo) = yo has (a) a solution (b) a unique solution on some open interval that contains x.



11.

13.
14.

15.
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, o xt ’ ,_ &ty
- sing z?+y?
y = tanzxy 4 ,7x2+y2
) Inzy
y =@ +y")y'? 6. y =2y
Y =In(l + 22 + ) 8. y' = ixjf;
Y = (2 + y?)V/? 10. o = a(y? —1)23
Y= (2" +9%)? 2.y =(z+y)'/?
t

Apply Theorem 2.3.1 to the initial value problem

Y +p(x)y =q(x), y(xo) =10

61

for a linear equation, and compare the conclusions that can be drawn from it to those that follow

from Theorem 2.1.2.
(a) Verify that the function
(22 -1)%3, —1<z<]1,
y =
O’ |CC| Z 15

is a solution of the initial value problem
10
y =Syt y(0) = -1
on (—o0, 00). HINT: You'll need the definition
r—xT r—x

to verify that y satisfies the differential equation at T = %1.
(b) Verify thatife; =0or1 fori =1, 2 and a, b > 1, then the function

e1(x? —a?)®3, —c0 <z < —a,
0, —a<zx< -1,
Y= (x?2 —1)°/3, —l<z<1,
0, 1<z <,
ea(x? —b2)°/3 b <z < oo,

is a solution of the initial value problem of (a) on (—o0, 00).
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16.

17.

18.

19.

20.

21.

Use the ideas developed in Exercise 15 to find infinitely many solutions of the initial value problem

on (—00, 00).

Consider the initial value problem
y =3e(y— 1" ylwo) = yo. (A)

(a) For what points (xg, yo) does Theorem 2.3.1 imply that (A) has a solution?

(b) For what points (xg, yo) does Theorem 2.3.1 imply that (A) has a unique solution on some
open interval that contains x¢?

Find nine solutions of the initial value problem
Y =3a(y - 1) y(0)=1
that are all defined on (—o0, o) and differ from each other for values of x in every open interval

that contains ¢ = 0.

From Theorem 2.3.1, the initial value problem
y =3z(y -1 y(0)=9
has a unique solution on an open interval that contains ¢y = 0. Find the solution and determine

the largest open interval on which it’s unique.

(a) From Theorem 2.3.1, the initial value problem
y =3z(y—-1Y?, yB3)=-7 (A)

has a unique solution on some open interval that contains zg = 3. Determine the largest such
open interval, and find the solution on this interval.

(b) Find infinitely many solutions of (A), all defined on (—o0, 00).

Prove:

(a) If
f(xayo)zoa CL<.’,E<b, (A)

and xg is in (a, b), then y = yo is a solution of
v =f.y), ylzo)=wo

on (a,b).
(b) If f and f, are continuous on an open